Abstract: In the present work, the Yang-Mills (YM) quantum-wave excitations of the classical homogeneous YM condensate have been studied in quasi-classical approximation. The formalism is initially formulated in the Hamilton gauge and is based upon canonical quantisation in the Heisenberg representation. This canonical framework is then extended and related to YM dynamics in arbitrary gauge and symmetry group containing at least one SU (2) subgroup. Such generic properties of the interacting YM system as excitation of longitudinal wave modes and energy balance between the evolving YM condensate and waves have been established. In order to prove these findings, the canonical quasi-classical YM system "waves + condensate" in the pure simplest SU (2) gauge theory has been thoroughly analysed numerically in the linear and next-to-linear approximations in the limit of small wave amplitudes. The effective gluon mass dynamically generated by wave self-interactions in the gluon plasma has been derived. A complete set of equations of motion for the YM "condensate + waves" system accounting for second-and third-order interactions between the waves has been obtained. In the next-to-linear approximation in waves we have found that due to interactions between the YM waves and the YM condensate, the latter looses its energy leading to the growth of amplitudes of the YM wave modes. A similar effect has been found in the maximally-supersymmetric N = 4 Yang-Mills theory as well as in two-condensate SU (4) model. Possible implications of these findings to Cosmology and gluon plasma physics have been discussed.
Introduction
A consistent dynamical theory of the non-perturbative Yang-Mills (YM) vacuum, responsible e.g. for the spontaneous chiral symmetry breaking and color confinement phenomena in quantum chromodynamics (QCD) [1] [2] [3] , has not yet been created. This is indeed one of the biggest theoretical challenges of modern quantum field theory which has a large variety of important implications. For example, self-interacting YM fields play an important role in yet poorly known quark-gluon plasma dynamics at high and low temperatures, including the problem of QCD phase transition and QCD dynamics at large distances. The YM fields are expected to play an important role in pre-equilibrium evolution at early times of relativistic heavy-ion collisions when a Bose condensation of gluons could develop [4] [5] [6] . Also, the non-Abelian gauge fields dynamics have important applications in early Universe which are being intensively studied in many different aspects, in particular, in the context of the Dark Energy [7] [8] [9] and the non-Abelian fields driven inflation ("gauge-flation") [10] . Moreover, the modern Dark Energy can be in principle generated by the quasi-classical gravity corrections to the QCD vacuum energy [11, 12] . Very recently, it was understood that the unknown non-perturbative dynamics of the quantum-topological and quantum-wave modes of the YM vacuum could also be responsible for (partial or complete) compensation of the QCD instanton vacuum energy to the ground state energy of the Universe at macroscopic length scales and thus may be tightly related the colour confinement phenomenon [12, 13] .
The major goal of the present paper is to study dynamical properties of the spatiallyinhomogeneous wave modes propagating in the spatially-homogeneous YM condensate incorporating interactions between these two components in the simplest pure YM SU (2) theory. Note, the YM wave modes are interpreted as particles after a quantisation procedure giving rise to the ultra-relativistic YM plasma, and our purpose is to study the plasma properties consistently taking into account its interactions with the YM condensate considered as a non-trivial background.
We consider the simplest situation when SU (2) is the complete gauge symmetry group. Note, the equations of motion of such a theory are form-invariant w.r.t. SU (2) gauge transformations whereas their solutions are not required to have exactly same symmetry as the equations. This situation is called spontaneous symmetry breaking (SSB). The appearance of the homogeneous and isotropic YM condensate is a specific case of the SSB. Namely, the condensate by itself is not gauge invariant, therefore, breaks the initial symmetry of the Lagrangian SU (2) ⊗ SO(3) down to the global SO(3) group of spatial 3-rotations.
The basic new result of our study is observation that the interactions between the small YM waves and large condensate in a simple SU (2) YM theory trigger a significant energy transfer in one particular direction, namely, from the condensate to the wave modes. Such a specific energy swap effect between the two YM subsystems may have serious consequences to the theory of non-perturbative YM vacuum and, in particular, may have important phenomenological implications e.g. in the theory of QCD phase transition in early Universe and in particle production mechanisms in the hot cosmological plasma. One may further extend this first simple analysis incorporating effects of mutual interactions between different wave modes. Certainly, the latter should be taken into account in a complete theory of ultra-relativistic gluon plasma.
To start with, we have constructed the exact quasi-classical equations for the wave modes and the condensate in the Hamilton gauge, and investigated them in the linear approximation (in small wave amplitudes limit). In this case, the equations of motion have a characteristic form of Mathieu equations having certain regions of parametric resonance instability which leads to an increase of amplitude of the waves. As was argued above, the constraints written for the system of interacting homogeneous YM condensate and inhomogeneous waves do not allow to exclude the longitudinal modes, such that these extra d.o.f.'s acquire their own dynamical properties due to interactions between the two subsystems.
As a consequence of energy conservation, an increase of the YM waves energy reflected in a corresponding increase of their amplitudes has to be accompanied by a corresponding decrease of the YM condensate energy. In particular, this fact must be taken into account in derivation of the next-to-linear condensate equation of motion where the "back reaction" effect of the wave modes to the condensate is consistently incorporated. The numerical analysis of the resulting system of equations has indeed revealed the energy swap effect satisfying the energy conservation: a decrease of the condensate energy is exactly compensated by an increase of energy attributed to the wave modes, which is an important test of our calculations.
In addition, equations of motion for pure gluon plasma (without the YM condensate) in the SU (3) gauge theory have been derived. It turned out that the third-order interaction terms between wave modes alone lead to excitation of a local dynamical (constituent) gluon mass whose expression has been obtained in a simple renormalized form and is shown to be consistent with the corresponding thermodynamic prediction. An inclusion of the secondorder interactions leads to dynamical mass terms in a time non-local form. Also, the exact integro-differential equations for the condensate and waves evolution incorporating both second-and third-order interaction terms in waves have been obtained in the SU (2) theory and can further be studied numerically which is a subject of future studies.
Note, a generalisation of these studies to the SU (3) theory appears to be conceptually straightforward but technically much more involved since it incorporates (i) three overlapping condensates which are thus expected to interact strongly with each other and (ii) a larger variety of the wave modes compared to the SU (2) case, and this analysis should be eventually performed. In this work, we have considered the gluon plasma dynamics in the SU (3) neglecting the contributions from the overlapping condensates. The next non-trivial example is the SU (4) theory which contains two non-overlapping gauge SU (2) groups and hence gives rise to two non-interacting condensates to the leading order in waves. Such a model has been discussed in some major details in this work. Note, that in the SU (4) toymodel we have disregarded all possible overlapping condensates in order to consider some basic features of heterogenic multi-condensate systems although a more realistic study involving overlapping condensates is necessary.
We have looked also into the question of gauge dependence of the YM condensate and waves. In fact, the YM condensate can be consistently extracted only in the Hamilton gauge where A 0 (x) = 0. Departing from this statement, we have proposed a new method which allows to extract the condensate and waves in arbitrary gauge and connect them to the condensate and waves evaluated in the Hamilton gauge. In short, for non-degenerate YM "condensate + waves" systems it is possible to establish a firm connection between the canonical results in the Hamilton gauge and those in arbitrary gauge by absorbing the gauge dependence (an infinitesimal depart from the Hamilton gauge is encoded by the gauge-fixing function δθ(x µ )) into a coordinate transformation from x µ to new abstract coordinates z µ = z µ (x µ , θ(x µ )). In new coordinates, the YM field A µ (z) in arbitrary gauge is constrained in the same way as is typically done in the Hamilton gauge, i.e. A 0 (z) = 0, whereas z µ absorbs the information about an underlined gauge choice. Then, the YM condensate and waves are consistently defined in such z-space and then transformed back to usual space-time. This approach has allowed to define the condensate in arbitrary gauge as a functional of the YM solution in the Hamilton gauge and the gauge-fixing function. This therefore justifies the rest of our studies of YM dynamics performed in the Hamilton gauge which is the most convenient in the present setting.
Further, we have generalised our study to the maximally (N = 4) supersymmetric YM (SYM) theory (see e.g. Ref. [20] ). As one of the specific features of this theory is its conformality such that its β-function disappears (i.e. the coupling constant does not acquire radiative corrections and therefore does not run), which significantly simplifies our calculations. The N = 4 SYM theory includes four different fermion fields, three scalar and pseudo-scalar fields. We have shown, both numerically and analytically, that interactions of supersymmetric wave modes with the YM condensate lead to a similar energy swap effect from the YM condensate to the (pseudo)scalar wave modes as it was earlier observed for the vector wave modes in SU (2) gauge theory. These findings strongly suggest that the observed dynamics in energy balance of the interacting YM system ("wave + condensate") is a general phenomenon and specific property inherent to YM dynamics. Inclusion of coloured fermion modes into our quasi-classical analysis is relevant for particle production mechanisms in early Universe and will be done elsewhere.
Finally, we have looked into conformal time dynamics of the free YM condensate (without waves) on expanding background of the Friedmann Universe. A non-linear oscillatory behaviour of the condensate fluctuations contributing to the radiation-type matter has turned out to be unstable w.r.t. quantum radiative corrections. So we have incorporated the leading vacuum polarisation effects at one-loop and considered such a log-corrected quasi-free condensate dynamics. As a result, the condensate contribution to the energy density in this case becomes constant in time instead (and positive!) which is in accordance with the vacuum equation of state and can be used to eliminate large negative topological vacua contributions possibly providing a smallness of the observed cosmological constant. In order to investigate the latter possibility one should further incorporate the wave contributions together with the vacuum polarisation effects.
One should notice the following important point. A specific character of the considered SSB mechanism by means of the YM condensate compared to the traditional versions of the SSB (e.g. the quark-gluon condensate in spontaneous chiral symmetry breaking of the Higgs condensate in spontaneous electroweak symmetry breaking) is as follows. In other known versions one deals with the SSB of the vacuum which remains Lorentz-invariant, i.e. stationary in time and spatially-homogeneous and isotropic in 3-space with energymomentum tensor invariant w.r.t. Lorentz transformations (the well-known Λ-term). In our case, the YM condensate in its present form (i.e. without including vacuum polarisation effects) is not Lorentz-invariant due to a non-stationary character of the corresponding energy momentum tensor (it behaves as a radiation-type matter as the Universe expands).
As was mentioned above, it turned out that an inclusion of the vacuum polarisation effects dramatically change the time dependence of the YM condensate and its energy density -the latter becomes stationary in time and emerges as an extra constant (positive) contribution to the Lorentz-invariant Λ-term (i.e. satisfies to the vacuum equation of state p = −ε) although the condensate U by itself is non-stationary which is therefore an instanton-type solution (This is due to the fact that the equations of motion for the free condensate are not form-invariant under small quantum fluctuations.) So, the Lorentz-invariance of the energy-momentum tensor of such a quasi-free condensate U (t) is restored by the vacuum polarisation effects. For this very first study, the latter argument motivates our simplest choice of initially free Lorentz non-invariant YM condensate (with no vacuum polarisation incorporated) which is spatially-homogeneous and isotropic. At the next step, it would be important to incorporate vacuum polarisation and the wave dynamics on the same footing as it may give an access to topological effects, e.g. to a dynamical compensation of the topological and condensate excitations. Note, we are focused now on the simplest version of the SSB, but the YM condensate can, in principle, be spatially-inhomogeneous and at the same time not possess a wave structure (i.e. not be a superposition of waves). An analysis of non-homogeneous condensates could also be a good point for future studies.
Note also that if the ground state does not have a space-time symmetry of the initial theory (likewise, our free YM condensate is not Lorentz-invariant) then the conditions of the Goldstone theorem do not apply to this case of SSB. Therefore, there are no arguments to expect an appearance of the massless Goldstone modes after the SSB in this case. However, instead of the Goldstone effect we observe another interesting effect: the SSB in our case leads to a reconstruction of the excitations spectrum such that the underlined degrees of freedom of the initial YM theory (YM potentials) get reclassified into a new set of physical 3-tensor, 3-vector and 3-scalar d.o.f.'s. whose dynamics has been studied here.
The paper is organised as follows. In Sect. 2, the generic properties of the YM dynamics in both degenerate (without the condensate) and non-degenerate interacting YM system "condensate + waves" in the Hamilton gauge have been discussed. Sect. 3 is devoted to a formulation of the interacting YM theory in arbitrary gauge and its important relation to the canonical framework developed in subsequent sections. Sect. 4 contains a thorough analytical and numerical analysis of the SU (2) "condensate + waves" system in the Hamilton gauge in the limit of small wave amplitudes compared to the condensate in zeroth, quasilinear and next-to-linear approximations in wave modes. In Sect. 5 we have discussed physics of the gluon plasma (without the condensate) and dynamical gluon mass generation due to wave self-interactions in different orders as well as the exact YM equations of motion of the "condensate + waves" system accounting for all the higher-order interaction terms. In Sect. 6 we apply the quasi-classical approach to the N = 4 conformal Super-YangMills theory with the condensate. Sect. 7 contains a thorough discussion of cosmological implications of the YM condensate with and without the vacuum polarisation effects as well as discusses typical condensate decay time scales due to condensate-wave interactions in quasi-linear approximation. Sect. 8 provides an overview of the simplest two-condensate model based upon SU (4) gauge theory. A few concluding remarks were made in Sect. 9. Appendix A is devoted to details of the Hamilton formulation of a degenerate YM theory where the YM propagator has been derived by using the method of infinitesimal parameter. Finally, canonical quantisation of the YM wave modes in the classical YM condensate has been performed in Appendix B as a consistency check of the quasi-classical framework developed in this work.
2 Overview of Yang-Mills theory in the Hamilton gauge
Degenerate Yang-Mills system
Let us remind a few important basics of the classical degenerate YM theory useful for the forthcoming analysis below. Consider first the simplest non-Abelian SU (2) gauge symmetry group. The gauge invariant Lagrangian of the corresponding YM field is
where
is the YM stress tensor with isotopic a = 1, 2, 3 and Lorentz µ, ν = 0, 1, 2, 3 indices. So in the degenerate case there are twelve equations of motion
Consider first the simplest (ghost-free) Hamilton gauge. Note, the Hamilton gauge is the only known gauge which enables us to formulate the YM theory in the Heisenberg representation consistently beyond the perturbation theory (for more details, see e.g. Ref. [14, 21] ). Indeed, the Heisenberg representation is the most useful and appropriate one in the analysis of real-time evolution of the homogeneous YM condensate. Imposing the Hamilton gauge condition
one ends up with nine equations of motion 4) and three additional constraint equations in the form of first integrals of motion 5) such that the total time derivative can be eliminated in the non-gauged (before the gauge is fixed) case, i.e.
It is worth to mention shortly a few important aspects of the YM quantum theory in the Hamilton gauge. Typically, such a theory is formulated in terms of the functional (or path) integral [14] . After introducing the Hamilton gauge into the path integral for the YM field, one defines the S-matrix and the YM propagator. As one of the attractive features of the Hamilton gauge, the asymptotic states of such S-matrix automatically contain transverse modes only. Then, the YM propagator is defined as a Green function of the equations of motion in the Hamilton gauge. The longitudinal mode gives a certain contribution to the YM propagator while it naturally disappears in the asymptotic states.
Below we adopt the following theoretically consistent and pragmatic approach which has certain methodological advantages in the analysis of interacting YM "waves + condensates" systems compared to the standard path integral formulation.
• Firstly, following to the Bohr's correspondence principle one starts with the pure YM Lagrangian in the Hamilton gauge and writes down the Lagrange equations of motion in the operator form;
• Secondly, since in the Hamilton gauge the zeroth component of the YM field A 0 is absent in the YM Lagrangian, there are no explicit constraint equations in the corresponding system of Lagrange equations. Such equations of constraint can be instead obtained as integrals of motion of the Lagrange equations;
• Thirdly, starting from the Lagrange formulation of the YM theory one easily turns to the Hamilton (or canonical) formulation and the canonical quantisation procedure.
Let us discuss the third point of the above scheme in more detail. In the case of free YM field (without its interactions with the condensate), the free (non-interacting) longitudinal YM mode does not have any proper frequency and dispersion, thus this mode is aperiodic in Minkowski space without the presence of YM condensate. Such a property has the following three important consequences: (1) the free longitudinal mode does not contribute to the Hamiltonian; (2) it is impossible to calculate its contribution to the YM propagator as a vacuum expectation value of the time-ordered YM field operator product; (3) there is a related issue with canonical quantisation. The first consequence is one of the advantages of the Hamilton gauge which automatically excludes any non-physical degrees of freedom from the YM Hamiltonian. The other two consequences point out to the fact that the YM theory in the Hamilton gauge cannot be constructed according to standard algorithms of a non-degenerate field theory.
One could advise a simple alternative and methodologically elegant way to resolve the latter issue: for a YM system without the presence of a homogeneous YM condensate one can introduce extra "virtual" infinitesimal terms (proportional to a single infinitesimal parameter ξ) into the YM Lagrangian in the Hamilton gauge. These terms can be chosen in such a way that the longitudinal mode acquires a small dispersion proportional to the small parameter ξ. Further, this enables to perform the canonical quantisation procedure in a standard way and to calculate a contribution of this mode to the YM propagator as a vacuum expectation value of the time-ordered YM field operator product. In the end, the infinitesimal parameter can be safely turned to zero ξ → 0 leading to exactly the same Smatrix as the one defined in the framework of standard path integral formulation. Such an approach therefore leads to theoretically consistent results and enables one to work in the scheme described above. The method of infinitesimal parameter is described in Appendix A in more detail.
2.2 Non-degenerate Yang-Mills system: "condensate + waves"
Let us now consider an interacting non-degenerate YM system "condensate + wave" in the pure SU (2) gauge theory. Here, the situation is different from the degenerate case described above in Sect. 2.1. Namely, as will be explicitly shown below in Sect. 4.2.2 there is a new effect of dynamical generation of the longitudinal plasma waves as collective excitations of macroscopic medium (e.g. condensate) also known as plasmons. The latter effect is well-known in physics of ordinary plasma [16] and the quark-gluon plasma [17, 18] (see also Ref. [19] and references therein). The longitudinal YM waves acquire both proper frequency (proportional to density of the medium) and dispersion (proportional to thermal wave velocity squared) and thus should be properly taken into consideration. Now consider how the homogeneous YM condensate can be extracted from the YM field in the Hamilton gauge. It has been demonstrated in Refs. [7, 8] that due to isomorphism of the isotopic SU (2) group and the SO(3) group of spatial 3-rotations, the unique (up to rescaling) SU (2) YM configuration can be parameterized in terms of a scalar time-dependent spatially-homogeneous field. Indeed, such an isomorphism enables one to introduce a mixed space-isotopic orthonormal basis e a i in which the YM vector field A a µ transforms into a tensor field A ik with two spatial indices 1 i and k as follows Then, the resulting spacial tensor A ik can be separated into two parts
Here, the first spatially-homogeneous time-dependent scalar field U (t) corresponds to the YM condensate and can be found as an average over a substantially large 3-space domain
In what follows, we consistently relate such an average procedure over 3-spacial domain . . . x with the average over the state vector . . .
It is important to notice that the condensate effectively removes the degeneracy of the underlined YM theory reducing the initial SU (2) ⊗ SO(3) symmetry of the YM Lagrangian to the global SO(3) symmetry of spacial rotations. The second quantum-wave part
is spatially-inhomogeneous and describes motion of YM quanta, namely, physical particles after quantisation. It turns out that due to interactions between the YM condensate and waves, the longitudinal d.o.f.'s which is unphysical in the degenerate theory are parametrically excited and must be treated as physical ones. Connections between the YM condensate and classical electric E and magnetic H fields can be easily derived, by definition of the YM potentials, e.g. 12) such that the condensate emerges as a mixture of E and H components. Analogous connections between the wave modes and the fields E and H can be obtained in a similar way. Note, the above procedure remains valid also for the SU (3) gauge theory which however is much more complicated and contains three different but overlapping SU (2) subgroups isomorphic to SO(3). This situation potentially gives rise to three strongly interacting condensates, and needs to be analyzed separately. In a generic SU (N ) model with N > 3 the number of non-overlapping and overlapping SU (2) subgroups can be even larger which leads to formation of the heterogenic system of a few YM condensates. The simplest case of such a heterogenic system with two non-overlapping condensates is the SU (4) gauge theory. The latter has been discussed below in Sect. 8 without an account for overlapping condensates.
3 Yang-Mills theory in an arbitrary gauge
In the previous Section, we have discussed generic properties of the YM condensate theory in the Hamilton gauge and in isotopic SU (2) symmetry. Now we turn to an algorithm which allow us to describe YMC dynamics and YM waves in arbitrary gauge in connection to that known in the Hamilton gauge. Here, we consider the quasi-classical limit of the YM theory so at this point we do not discuss issues with ghost fields which appear via radiative corrections in a proper quantum formulation.
Consider for simplicity a non-Abelian gauge group SU (N ), N = 2, 3 with a set of generators T a , which contains one isotopic SU (2) subgroup. In a degenerate theory, the corresponding YM field operator A µ ≡ T a A a µ , A µ x = 0 with four Lorentz components µ = 0, 1, 2, 3 contains only two physical components which can be identified transverse polarizations of the respective quanta. Recall, the local gauge transformation condition and the covariant derivative of the degenerate theory are given by
2)
The initial gauge SU (N ) symmetric YM Lagrangian
is manifestly invariant under the above gauge transformation condition which takes the following infinitesimal form
is the YM field in a given reference gauge. In what follows, it will be convenient to choose a simple reference gauge where the YM solutions of the non-degenerate theory are assumed to be known. So whenever it is reasonable we will use the simplest Hamilton gauge θ 0 ≡ θ H as our reference gauge assuming that the corresponding solutions are known.
As was advocated above in the Hamilton gauge, due to isomorphism of the local isotopic SU (2) (sub)group and the global SO(3) group of spatial 3-rotations, the YM quanta condensation can effectively induce a homogeneous classical background field, the YM condensate, whose vacuum expectation value is non-trivial. As was discussed above, the condensate removes the degeneracy of the underlined YM theory and effectively breaks the symmetry of initial YM Lagrangian down to the SO(3) rotation symmetry. In this case, besides two physical transversely polarised modes one extra physical wave d.o.f. gets parametrically excited in the YM condensate and can be associated with the longitudinally polarised plasma mode. Therefore, we effectively end up with three independent YM wave operators A k (t, x) where index k was associated with three spacial components in the Hamilton gauge. In what follows, we consider a non-degenerate theory and rely on the fact that the number of physical modes A a k (t, x) is equal to 3(N 2 − 1) and gauge-independent which allows us to determine the YM condensate dynamics in an analogical way to that in the Hamilton gauge.
In order to construct a consistent theory of the interacting system "condensate + waves" in arbitrary gauge let us introduce an abstract Minkowski 4-space with coordinates depending on the gauge-fixing function δθ, i.e.
which are related to usual space-time coordinates x µ = {t, x} as
The new Lorentz-covariant coordinate transformation matrix ε µ α is normalized as
In what follows, we call such an abstract 4D space as the z-space. In general, the basis transformation matrix ε µα depends on the gauge-fixing function δθ = δθ(t, x) and can therefore effectively absorb all the information about the underlined gauge choice. In particular, in the Hamilton gauge corresponding to θ → θ H it takes a simple form
which means that z-space simply coincides with usual coordinate 3-space in the Hamilton gauge lim
Let us now define the z-space projections of the YM field A (θ) µ and the stress tensor F (θ) µν in a given gauge as follows
and the relation δ α ε µβ = δ α ε µβ has been used. The equations of motion in z-space
are covariant w.r.t. local gauge transformations of the YM field from a chosen reference gauge θ ′ to a given gauge θ in infinitesimal form
The particular gauge null-transform to/from the Hamilton gauge
corresponds to a closed loop in the space of gauge configurations such that the gauge field transforms to itself. In what follows, we assume that δθ = δθ [0] unless noted otherwise. For finite transformation, one writes consequently
At the next step, in a complete analogy with the Hamilton gauge the zeroth component of the gauge field in z-space is required to be zeroth in any gauge, i.e.
such that the other three components A
should be identified with physical YM operators. Starting from the Hamilton gauge as our reference gauge, the latter identification allows to consider a coordinate transformation of usual 4D x-space to a new 4D z-space as a gauge transformation, i.e.
which provides a connection between the coordinate transformation matrix ε µα and the gauge fixing function δθ. Indeed, using this relation in Eq. (3.9) one obtains the following constraint equations 12) in terms of the YM solution in the Hamilton gauge A k (t, x) in the Hamilton gauge. The relations (3.12) then determine the coordinate transformation matrix ε µα and hence the complete YM solution in arbitrary gauge A (θ) µ as functionals of the gauge fixing function δθ(t, x) and the YM solution in the Hamilton gauge A k (t, x), namelȳ
Therefore, the YM solution in arbitrary gauge is expressed in terms of the canonical solution in the Hamilton gauge and the transformation matrixε µα (t, x) which absorbs all the information about the underlined gauge transformation.
Non-degenerate Yang-Mills system: "condensate + waves"
Based upon a direct analogy of the YM field consideration in ordinary space-time and in the Hamilton gauge made in the previous Section, isomorphism of the global SO(3) symmetry group of 3-rotations in z-space and local SU (2) subgroup of SU (N ), N = 2, 3 gauge group enables us to define the YM condensate and YM waves in arbitrary gauge. Indeed, by employing the mixed space-isotopic orthonormal basis e a i defined in Eq. (2.7) one writes for the physical YM operators in z-space
in terms of the homogeneous YM condensate W (θ) (t) and non-homogeneous YM waves A ik (t, x) which coincide with U (t) and A ik (t, x) in the Hamilton gauge limit, respectively, corresponding to δθ → δθ [0] . The time-dependent scalar field W (θ) (t) is defined normal way as an average over a large z-spacial domain Θ → ∞ at whose boundary all the fields (more precisely, wave excitations) are vanishingly small
16) where A ik (t, x) is the known YM solution in the Hamilton gauge 17) and the Jacobian of the 3-volume element transformation is
The YM condensate in arbitrary gauge finally reads 19) where the last term vanishes in the Hamilton gauge δθ → δθ [0] corresponding to |ε| → 1.
The physical quantum-wave components are then given by
Therefore, in this formulation the quasi-classical YM theory in an arbitrary gauge can be constructed in analogous way to that in the Hamilton gauge. The latter analogy allows to extract the YM condensate and to study its properties from the universal perspectives.
The suggested formulation establishes a tight connection between the YM condensate and waves in the Hamilton gauge and those in an arbitrary gauge. So in the coming sections we will be focused primarily on analysis of the YM dynamics in the Hamilton gauge and its extension to an arbitrary gauge is now conceptually straightforward.
Non-local gauge transformations
As a result of the above discussion, we observe that despite the initial field A ik (t, z) in the z-space coincides with the one in the Hamilton gauge in A ik (t, x) in the x-space by construction, the corresponding separate YM condensates and wave contributions do not coincide. Indeed, an extra weighting factor |ε(t, x)| appears in the average (3.19) such that it may lead to the appearance of additional contributions to the condensate U (t) from nonvanishing averages of higher powers of the waves A ik (t, x). This is a direct consequence of the fact that the gauge symmetry is dynamically broken by the condensation of YM quanta. Since the total energy of the interacting system "condensate + waves" is conserved, this means that the gauge fixing operator δθ acquires a dynamical role and describes possible energy exchanges between the YM condensate and waves, and in this case may play a role of the evolution operator.
Interestingly enough, this effect, has a close analogy to the real time evolution of the YM system in the fixed Hamilton gauge where energy of the YM condensate is dynamically transferred into the waves in the quasi-classical limit of small wave amplitudes as will be shown below. Let us pay a closer attention to a possible connection between the "gauge evolution" in abstract z-space and real time evolution of the non-degenerate "condensate + waves" system in usual space-time.
Consider a YM field in z-space fixed by constraints (3.12) in a given gauge θ = θ H , i.e.
where z = {τ, z} and x = {t, x}. Then, define another gauge θ ′ = θ, θ ′ = θ H such that the infinitesimal gauge transformation θ → θ ′ takes the following generic non-local form
where δθ and δθ ′ denote the gauge transforms corresponding to θ H → θ and θ H → θ ′ , respectively, and the non-local operator γ[δθ, δθ ′ ] describes the gauge transform θ → θ ′ with boundary condition
Following to the scheme above, one notices that the gauge transformations δθ and δθ ′ are equivalent to coordinate transforms
respectively. Absorbing the gauge dependence into the z-coordinate transformation as usual 23) one observes that
which is valid for any δθ and δθ ′ . At last, for a given pair of non-intersecting non-trivial gauges δθ
one could always find two different space-time points x and x ′ for which
is satisfied. In this case, the functional relation (3.24) finally transforms to
where ε −1 µk has been found earlier in Eq. (3.13). We therefore notice that the gauge evolution between two points θ and θ ′ in space of non-equivalent gauge configurations driven by the non-local operator γ[δθ, δθ ′ ] can be unambiguously mapped onto real physical motion between two space-time points x and x ′ related via (3.25) in a fixed gauge θ whose evolution operator has the same form γ[δθ(x), δθ(x ′ )]. Indeed, in the considered non-degenerate theory the values of the YM field in the Hamilton gauge defined in two different space-time points A k (x) and A k (x ′ ) have turned out to be related via the operator γ which therefore acquires a dynamical role. A detailed development of this concept goes significantly beyond the scope of the present paper and will be done elsewhere. Instead, we turn to analysis of the YM condensate and waves in the Hamilton gauge.
Yang-Mills dynamics in the Hamilton gauge: one condensate model
Below in this section as the very first step we consider the simplest one-condensate model in SU (2) gauge theory analysing consequently its dynamics in different limiting cases and approximations.
Free condensate case
To the zeroth order in small waves | A ik | ≪ |U |, the representation (2.8) enables us to rewrite the Hamiltonian and YM equation of motion (2.4) for the real-time evolution of the YM condensate alone, U = U (t). Namely,
Its numerical solution is shown in Fig. 1(left) . The exact solution of the equation of motion for the "free" YM condensate is given by
According to this result the free YM condensate can exist only in a free non-stationary slowly-oscillating state. Indeed, to a good accuracy, the latter exhibits a non-linear oscillation pattern and can be approximated by a quasi-harmonic function with frequency of oscillations depending on their amplitude, e.g.
where T U is the period of YM condensate oscillations, and B(x, y) is the Euler beta function. The maximal error of this approximation is limited by ∆U/U 0.07. 3) for a fixed initial phase φ 0 = 0 (left) and numerical result for the energy spectrum of free YM condensate, E n , and its continuous analytical approximation (4.6) (right). This plot is given in terms of dimensionless quantities and thus does not depend on initial value of the condensate U 0 .
The energy spectrum of quasi-harmonic YM condensate fluctuations can be found in standard way from the Schrödinger steady-state equation and is shown in Fig. 1(right) . Starting from the Hamiltonian density for the free (non-interacting) YM condensate (4.1) one arrives at the Schrödinger equation
It straightforward to show that the free YM condensate spectrum corresponds to a potential well of the fourth power. Numerical calculation provides us with the first few energy levels in the spectrum (see also, Ref. [26] ), e.g.
For practical use, it is convenient to come up with an approximate analytic formula for the lower end of this spectrum, e.g. in the following form
The maximal error of this formula for the first thirty energy levels does not exceed 4%.
Condensate and wave dynamics in the linear approximation
Consider now the physically interesting and realistic case of the YM wave modes interacting with the YM condensate. We start with the linear (in waves) approximation where only interactions between YM wave modes and YM condensate are taken into account while interactions between different wave modes are not included. In practice, this situation corresponds to a YM system in the beginning of its real time evolution with very few wave modes such that the interactions between waves are negligibly small compared to "wavecondensate" interactions. Let us consider dynamics of such a linearized system in detail.
First-order Yang-Mills equations of motion
The all-order YM equation of motion (2.4) for the YM condensate, U = U (t), interacting with the wave modes, A ik , can be written as follows
The constraint equation (2.6) linearized in waves reads
Note, the equation (4.7) is separable by averaging over the Heisenberg state vector. Also, as the matter of perturbation theory approach the zeroth-order YM condensate equation (4.1) has to be fulfilled in order to find the equations of motion for the YM wave modes to the first (linear) approximation.
It is convenient to turn to Fourier transforms for A ik modes and expand them over the tensor basis [22] . In terms of symmetric and antisymmetric parts, the tensor field A ik reads
Then, we expand the Fourier transforms of antisymmetric χ l and symmetric ψ ik modes into the tensor basis as χ
and
respectively, where the coefficients satisfy the following conditions
In Eqs. (4.10) and (4.11), the 3-vectors n i and s k are the longitudinal and transverse unit vectors, respectively, and p is the corresponding Fourier 3-momentum. In what follows, we omit the Fourier momentum index p. Next, let us rewrite the general equation of motion (4.7) (after a proper subtraction of the YM condensate equation (4.1)) through the new d.o.f.'s to the linear (in waves) approximation as follows
where the following shorthand notations 
It is straightforward to check that these two constraints are automatically satisfied for a solution of the system of YM equations (4.13) and (4.14) (see Appendix B for consistency checks of the corresponding equations of motion). Note, in a non-gauged YM theory, these constraints do not explicitly contain time derivatives, i.e. 19) which are thus the first integrals of motion. For further considerations, it is instructive to represent quadratic Lagrangian and Hamiltonian densities of the SU (2) YM wave modes interacting with the YM condensate
The terms like U 3 , U 3 Φ, U 2 Φ etc do not appear in the "condensate + waves" Hamiltonian above since U (t) is a spatially-homogeneous function such that any spacial derivatives of U (t) which could give rise to these terms simply disappear. It is straightforward to check that the system of equations (4.13) and (4.14) can be obtained directly from Eq. (4.20) or (4.21) in the usual way consistent with canonical quantisation (see Appendix B). Finally, the complete effective SU (2) YM Hamiltonian density properly including the YM condensate dynamics can be represented in terms of H waves YM (4.21) as follows 22) which will be used below in studies of the dynamical properties of the "waves + condensate" system below.
Longitudinal Yang-Mills wave modes: free vs interacting case
To start with, let us consider the limiting case of free YM field without taking into account its interactions with the YM condensate, i.e. setting U = 0 in Eqs. (4.13) and (4.14). In this case we have the following reduced system
and two constraints
since the considered case with U = 0 corresponds to a degenerate YM theory. Notably, now the constraints allow to eliminate three d.o.f., namely, Λ and η α , which can be associated with three unphysical longitudinal polarisations of free gauge field A a µ such that
Thus, in the considering limiting case the constraints reduce the number of physical d.o.f.'s from nine down to six transverse ones. Note, such a reduction is not possible for non-zeroth interactions with the YM condensate, e.g. when U = 0 in Eqs. (4.13) and (4.14) . This is because in the general case the constraints (4.18) and (4.19) cannot be represented in the form of motion integrals as it used to take place in the standard case without the YM condensate such that the longitudinal d.o.f.'s cannot be eliminated anymore. This fact essentially means that interactions of the wave modes with the homogeneous YM condensate dynamically generate three additional d.o.f.'s Λ and η α , such that both the longitudinal and transverse polarisations of interacting YM field have the status of physical d.o.f.'s and therefore must be treated on the same footing. The latter statement is in a good agreement with the canonical quantisation procedure (see Appendices A and B) and is confirmed by numerical analysis of the complete system (4.13) and (4.14).
The effect of dynamical generation of the longitudinal modes in a YM medium and their dynamical role has been previously discussed in the literature (see e.g. Ref. [19] ). Noticeably enough, it turns out that even in the simple linearized model considered above the longitudinal modes acquire proper frequencies due to YM condensate-wave interactions. As long as one incorporates the homogeneous condensate in the initial YM Lagrangian, the canonical quantisation of longitudinal modes appears to be natural and theoretically consistent without introducing any "virtual" infinitesimal terms as in the degenerate case discussed in Sect. 2.1 (see also Appendix A). Physically, it means that the longitudinal (plasma) waves in the condensate get excited together with transverse ones and the both contribute to observable quantities and should be studied on the same footing.
Evolution of the Yang-Mills wave modes
Now, consider dynamics of the wave modes in the linear approximation given by the system of YM equations (4.1), (4.13) and (4.14) without taking into account "back reaction" effects of the wave modes to the YM condensate. In fact, Eq. (4.13) is a closed system of two equations for two functions ψ k , k = 1, 2, and thus can be analysed separately. By an appropriate choice of the frame of reference, the matrices Q λ ij and vector n i can be represented in the following simple form Further, introducing superpositions
equation (4.13) in the above basis falls apart into two independent equations for ψ ′ 1,2 An analytical analysis of remaining equations (4.14) is less feasible due to the presence of quadratic term in YM condensate, ∼ U 2 . In addition, our numerical study has shown that one should not use the approximation (4.3) in this case such that dynamics of the wave modes becomes very different from the well-known picture of parametric resonance in the case of Mathieu equations. Nevertheless, exact numerical analysis of the complete system of equations reveals the existence of the resonance-like instability domains for all of the wave d.o.f. analogical to the rigorous parametric (Mathieu) resonance one of the ψ k mode.
As an example, in Fig. 2 we represent the normalised numerical solution for one of the wave modes, Φ = Φ(t), for two distinct cases: a solution with monotonically growing amplitude for p = 0 (left) and a solution from the parametric resonance-type instability domain with harmonic impulses for a particular value of momentum p = 0.1 g U 0 (right). The observed growth of Φ amplitude or, equivalently, its energy is triggered by its interactions with the YM condensate. The same effect has been observed for all other modes as well. We thus conclude that the particles energy dynamically increases in the course of time evolution of "particles + condensate" system due to parametric resonance-like instability of numerical solutions of the non-linear YM equations.
Note, in all the numerical calculations the initial values of all the wave modes (Φ 0 , λ 0 , . . . ) are fixed to be small in comparison to the amplitude of YM condensate oscillations. This is in order to be consistent with the quasi-classical approximation. Under this key assumption the characteristic behaviour of all the numerical solutions in terms of the dimensionless quantities does not strongly depend on actual numerical values for the initial fields used in the calculations.
"Back reaction" of the waves to the condensate
Due to energy conservation the growth of energy of the wave modes observed in the previous Section has to be followed by a certain redistribution of energy between YM condensate and wave modes. In order to take into account this effect consistently it is necessary to incorporate second-order contributions to the YM condensate equation for U = U (t) (4.1) which account for interactions between condensate and particles as follows
Here, the averaging . . . is performed over the Heisenberg vector state. Since equal wave modes with different momenta do not interact with each other then all their products disappear upon the averaging, so only products of different (interacting) modes remain. Besides, all linear and cubic terms in waves also disappear in the considering next-to-linear approximation as well.
The effective second-order Hamiltonian density incorporating the "back reaction" effect of the wave modes to the YM condensate can be represented as a sum of three components corresponding to the free YM condensate, H U , free wave modes (or particles), H particles , and the term accounting for interactions between these two subsystems, H int , respectively. The corresponding terms in the total effective Hamiltonian density H YM given by Eq. (4.22) are as follows
It can be seen from these expressions that interaction term H int is not sign-definite in distinction to positively-definite condensate H U and waves H particles contributions. Figure 3 . Time dependence of the YM condensate in the quasilinear approximation in the complete system of SU (2) wave modes (left), and the evolution of condensate H U , YM wave modes (or particles) H particles , and interaction term H int contributions to the total energy in the complete "condensate + waves" system (right). The illustrated numerical solutions are realistic in the quasiclassical limit of relatively small wave amplitudes, i.e. when | A ik | ≪ |U | corresponding to t/T U 1. On the right panel, H U0 is the initial energy of the YM condensate which is taken to be strongly dominating over the initial values of H particles and H int terms.
In our numerical analysis and in all the plots in this paper we consider the complete system of all nine wave d.o.f. and YM condensate including interactions between them. We found that wave-condensate interactions lead to a decrease of amplitude of the YM condensate oscillations in time as is seen in Fig. 3 (left) . An analogical picture of damping of the condensate oscillations is observed in the reduced (closed) system of Φ, Λ and λ wave modes and the YM condensate. We have also calculated the energy evolution of particles and condensate shown in Fig. 3 (right) . These plots clearly illustrate the energy transfer (swap) effect from the YM condensate to particles due to interactions between them.
One of the important issues in the YM theory relates to investigation of energy redistribution is the momentum spectrum of YM waves as a result of plasma self-interactions Figure 4 . The particle momentum dependence of the ratio of wave amplitude (maximum over the period of oscillations) at a fixed final t > t 0 (when most of the energy of the system is concentrated in waves) to the corresponding initial amplitude at t = t 0 (when all energy of the system is concentrated in the YM condensate). The results are shown for transverse Φ and longitudinal Λ modes.
[ [23] [24] [25] . Interactions between the YM condensate and wave modes (particles) lead to a redistribution of energy between the modes with different impulses which rather strongly depends on particles momentum due to parametric resonance-like instability of YM solutions. The latter happens because the interaction strength, and hence the energy transfer rate, depends on the amplitude of impulses which is different for different modes and particles momenta (for a given mode).
As an illustration of this effect, in Fig. 4 we show the particle momentum dependence (in dimensionless units) of the ratio of wave amplitude maximal over the period of oscillations at a fixed final t > t 0 to the corresponding initial amplitude at t = t 0 (when all energy of the system is concentrated in the YM condensate). The results are shown for transverse Φ and longitudinal Λ modes and are qualitatively the same for all the other modes. We notice that an increase in wave amplitude due to parametric instability may be rather strong close to the peak regions in corresponding energy spectra. One therefore observes the ultra-relativistic particles production effect with momenta close to the resonant momenta p ∼ gU 0 in a vicinity of maxima points in Fig. 4 .
As the main physical result to be emphasised here, we have found the significant energy swap effect between the YM condensate and particle-like modes of the ultra-relativistic YM plasma due to their interactions in quasilinear approximation. Due to energy conservation it is clear that the parametric resonance for the ψ k mode or a resonance-like instability for other modes in general is accompanied by an energy flow from the YM condensate to the waves. So the resonance-like instability of the quantum-wave solutions in the classical condensate is the physical reason of the energy swap effect. Note, that in Fig. 3 (right) we should restrict ourselves to maximal time scales of about one period of YM condensate fluctuations, t/T U 1. At larger time scales t/T U > 1 the amplitude of the wave fluctuations becomes comparable to the amplitude of condensate fluctuations so the considering quasilinear approximation breaks down there. Let us study sensitivity of our solutions with respect to higher-order corrections in detail.
Higher-order corrections
So far we have considered the SU (2) YM wave dynamics in the classical YM condensate in the first (leading or linear) approximation, while the YM condensate dynamics -in the linear and next-to-linear (or quasi-linear) approximations. The range of applicability of our quasi-classical analysis is limited to small quantum-wave fluctuations A ik in the condensate U considered as a classical background, i.e. in the A ik ≪ U asymptotics.
It has been demonstrated above that the interactions between the wave modes and the condensate lead to an increase of energy accumulated by the wave modes at expense of a corresponding decrease of YM condensate energy. This means that as some point in evolution of the system the amplitude of wave modes becomes too large so that the initial approximation A ik ≪ U breaks down. Such a breakdown can be noticed in numerical results in the next-to-linear approximation, e.g. in YM condensate dynamics given by a numerical solution of Eqs. (4.13), (4.14) and (4.25) illustrated in Fig. 5 by red line. It is clearly seen from this figure that at relatively large time scales increasing the time domain of effective energy swap from the condensate to waves, the YM condensate energy becomes singular and unbounded. The latter anomaly is due to breakdown of the next-to-linear approximation.
In what follows, we show that inclusion of the principal part of the higher-order terms into the linear equations (4.13) and (4.14) for the wave modes allows to eliminate such anomalies and reveals qualitative stability of the energy swap effect under consideration. The equations of motion for the wave A ik modes in a given order are normally constructed after elimination of the equation of motion for the YM condensate from generic Eq. (4.7). Denote the left side of Eq. (4.7) as Y lk such that equations for the A lk modes take the following form 
Now let us multiply Y lk (x, t) by A lk in a different space-time point (x ′ , t ′ ) in order to make the terms of the fourth order such that 28) due to Eq. (4.26). Here, each fourth-order term can then be transformed as follows
Dropping A lk (x ′ , t ′ ) function and performing Fourier transform of the remaining terms we obtain
We notice here that the third-order terms have transformed to effective mass terms given by averages of various two operator products. In particular, Fig. 5 (blue line) illustrates that such higher-order effective mass terms eliminate formal singularities in the YM condensate such that the numerical solution stabilises and the energy swap effect discussed above remains at the qualitative level. Certainly, this simplified analysis is not complete and is aimed only at illustrating that inclusion of the major part of higher-order terms significantly improves and stabilises the results of the next-to-linear model. In a fully consistent model one has to take into account contributions from all the higher-order terms both in the wave equations of motion and in the YM condensate equation simultaneously, which will be done elsewhere.
Dynamics of the Yang-Mills plasma
So far we have considered either pure condensate limit or interacting system "condensate + waves" in the small wave approximation. Now, it is worth to analyse another important limiting case of pure Yang-Mills (gluon) plasma composed of wave excitations only which corresponds to the case of vanishingly small condensate and large waves, i.e. |U (t)| ≪ | A ik |.
The basic equation which describes dynamics of the pure gluon plasma in SU (3) theory has the following form
where a = 1, . . . 8. Multiplying this equation by A a ′ i ′ ( x ′ , t ′ ) and averaging the result over the state vector we obtain
where the effective mass matricies
In the derivation of effective mass terms we implied that the fourth-order terms resulted from third-order ones in Eq. (5.1) are transformed according to Eq. (4.29). Dropping
2) we obtain
Effective gluon mass from wave self-interactions
For simplicity, at this very first step here we would like to investigate the influence of the odd-power terms in waves, i.e. the first-and third-order terms in Eq. (5.4) only. Let us divide Eq. (5.4) into two equations for transverse and longitudinal modes using A ai = A ai⊥ + A ai . For this purpose, one multiplies Eq. (5.4) by A a ′ i ′ ⊥ and A a ′ i ′ and then averages over the state vector. For simplicity, the contributions from second order terms in Eq. (5.1) can be omitted since being multiplied by A a ′ i ′ ⊥ they are expected to be small upon averaging over the state vector in the "soft" limit p → 0 in the beginning of time evolution. While this toy-model is very useful for understanding of generic features of the gluon plasma, in the realistic plasma case one should go beyond this approximation (see below). Finally, one notices that the equation of motion for the transversely-polarised gluon plasma modes takes the form of the Klein-Gordon-Fock equation
with effective mass m
Note, self-interactions of the plasma modes described by the cubic terms in Eq. (5.1) naturally generate constituent mass of transversely polarised gluons (5.6). In analogy to the transverse modes, dynamics of the longitudinal modes in the pure gluon plasma is described by
where the effective mass of longitudinal modes
turns out to be equal to the mass of transverse modes,
Note, both transverse and longitudinal modes contribute to the effective mass (5.9) due to their mutual interactions. The dispersion relations for transverse and longitudinal modes follow directly from Eqs. (5.5) and (5.7),
The solutions of Eqs. (5.5) and (5.7) can then be found in the following form
where e i p,η is the plane wave polarisation vector. Substituting this solution into Eq. (5.6) one arrives at
Here, N p,λ and N p,0 should be treated as the occupation numbers of longitudinal and transverse gluons, respectively,
Applying the dimensional regularisation technique, one can represent the divergent sums over p in Refs. (5.12) and (5.13) in 1 + n dimensions where n = 3 − 2ǫ according to the following example
where the dispersion relation ε 2 p = p 2 + m 2 is employed and the parameter l has been introduced to preserve the overall dimension. Repeating the same procedure for other relevant sums and then performing ǫ → 0 expansion one obtains the following final expressions 17) where the renormalization scale is defined as
In what follows we assume that all the terms proportional to 1/ε in Eqs. (5.15) -(5.17) are cancelled in a complete remormalizable theory and thus can be discarded. The form of dispersion relations does not enable us to renormalized the contributions from longitudinal modes, so let us leave them in the initial form and transform the vacuum terms induced by the transverse modes only. In this way, we end up with the following expression for renormalized mass
A validation criterion for the effective mass result (5.19) is based on a consistency of the considered quantum field theory and thermodynamic approaches. Since we considered the gluon plasma in thermodynamic equilibrium, the same expression for effective mass should be derived from the minimality condition for thermodynamic potentials. For example, such a condition for the plasma energy reads
Then, the time independence of entropy means that the occupation numbers are constant. Under this condition the expression for the plasma energy accounting for contributions from quadratic and quartic terms only takes the final form
It is straightforward to check that by substitution of Eq. (5.21) into Eq. (5.20) one obtains the same expression for the effective mass as the one in Eq. (5.19) thus validating the above calculations.
Plasma equations with second-and third-order wave self-interactions
Our goal now is to analyse the influence of the second order terms in Eq. (5.4) to the gluon plasma dynamics. It will be explicitly demonstrated that these terms also contribute to the constituent gluon mass which then appears to be non-local in time. Consider the YM wave field A ai as the sum of "real" and "virtual" parts
such that the "virtual" part | A v ai | ≪ | A r ai | and the coupling constant g ≪ 1 are assumed to be small to the same order, i.e. | A v ai |/| A r ai | ∼ g, for simplicity. In the first-order approximation, the equation for the "real" field A r ai has the following form
In the second-order approximation, the "real" and "virtual" parts satisfy the following equation up to the terms proportional to g 2 24) where the effective mass terms m bk b ′ k ′ are found in Eq. (5.3). The equation for the "virtual" part is obtained by subtracting the first-order equation for the "real" one (5.23) and keeping the terms linear in g only such that
The equation for the "real" part in the second (in g) approximation is then obtained by subtracting Eq. (5.25) from Eq. (5.24). One immediately notices that the "virtual" part can be expressed via square of the "real" part from Eq. (5.25). Performing Fourier transform of Eq. (5.25) it appears to be exactly solvable by variational methods. Corresponding solutions for the "virtual" part expressed in terms of the "real" one read 
ai (t 0 ) = 0 for all the polarisations and momenta. Indeed, this condition agrees well will the initial procedure of splitting a single wave mode into two parts, the large "real" and small "virtual" ones, whose initial values must be consistent.
By a substitution of Eqs. (5.27) and (5.28) into Eq. (5.24), the second order terms can be transformed to the third-order ones over the "real" field which then evaluated by means of the same algorithm as used above. Finally, Eq. (5.24) gets transformed to
where m ai bk are the contributions from third-order terms in wave modes given by Eq. (5.3), and the second-order contribution reads
Here, the Fourier coefficients are given bŷ
Equation (5.29) describes dynamics of the gluon plasma including the contribution of all second-and third-order terms in Eq. (5.1). One observes that the second-order selfinteractions induce a time non-local contribution to the effective gluon mass compared to the local ones induced by the third-order self-interactions.
Equations for condensate and waves with all-order wave self-interactions
All the relevant higher-order interaction terms can be incorporated into the equations of motion for the YM "condensate + waves" system in an analogical way as was done above in Sect. 5.2 for the pure gluon plasma case. Before separation of the YM condensate from YM fields, the YM equations of motion can be written in terms of "real" and "virtual" fields in the form of Eqs. Using the latter expressions in the equation for the "real" part one completely excludes the "virtual" components from consideration and analyzes dynamics of the largest "real" part only. Let us now consider for simplicity SU (2) theory and separate of the YM condensate and wave components in the "real" part in usual manner
(5.34)
Then one ends up with an integro-differential equation for the corresponding condensate The equation for the YM waves takes the form 
) .
Condensate and waves in a supersymmetric Yang-Mills theory
Now we would like to extend our analysis to the N = 4 supersymmetric Yang-Mills theory with SU (2) which contains additional spinor, scalar and pseudo-scalar d.o.f. (see e.g. Ref. [20] ). The corresponding Lagrangian reads
Here a, b, c = 1 ... 3 are the isotopic SU (2) indices, i, j = 1 ... 3 numerate different types of scalar C and pseudoscalar B fields, k ′ , l ′ = 1 ... 4 numerate different flavors of fermions λ. Next, we decompose additional supersymmetric modes into transverse and longitudinal components in momentum space as follows
Taking into consideration only additional scalar and pseudoscalar fields in numerical analysis we notice that the qualitative picture of YM condensate dynamics shown in Figs. 3 is not changed. Also, energy of the extra d.o.f.'s grows effectively due to the energy swap effect in the parametric resonance-like instability region similarly to the other YM wave modes.
As a validation test of our quasi-classical approach the canonical quantization of the YM wave modes in the classical YM condensate has been performed in Appendix B where the quantum Hamilton equations in commutators have been constructed and are shown to be consistent with the YM equations of motion (4.13), (4.14) and (6.4) -(6.7). Note, a consistent analysis of equations (6.6) and (6.7) for the spinor modes ϑ k ′ , ζ k ′ α can only be performed in the framework of quantum field theory approach, which is planned for further studies.
Cosmological evolution of the Yang-Mills condensate
Until now, we have discussed the properties of the YM condensates in trivial Minkowski background. It is instructive to extend this consideration to a realistic case of flat Friedmann universe since these findings can be useful e.g. in studies of the cosmological QCD phase transition, QCD vacuum compensation to the Dark Energy, particle production mechanisms after Inflation etc.
Free condensate case
To start with, let us neglect the wave modes and study evolution of the homogeneous YM condensate U = U (t) in the SU (2) theory in the early Universe disregarding all other forms of matter. The 4-interval in the flat Friedmann model is
where η is the conformal time related to the cosmological time as
The corresponding metric is
where g M µν is the Minkowski metric. The corresponding Einstein equations with conformal metric (7.3) and energy-momentum tensor of the classical Yang-Mills fields read [29] 
where the gluon vacuum polarisation effects are not included in the considered free YM condensate case. As usual, raising and lowering the Lorenz indices are done by the Minkowski metric g µν(M) . Neglecting the wave modes, the classical Einstein-Yang-Mills equations (7.4) for the condensate U = U (η) and the scale factor a = a(η) are reduced to
The exact general solution of this system for the conformal evolution of the YM condensate corresponds to the non-linear oscillation whose frequency depends on initial value of the condensate U 0 = U (0), namely
where U 0 , C are the integration constants. We notice that the YM condensate in the Friedmann Universe behaves as an ultra-relativistic medium with energy density ε YM ∼ 1/a 4 and the equation of state p YM = ε YM /3 [30] .
Quasi-free condensate and vacuum polarisation effects
Let us discuss the conformal time evolution of the quasi-free YM condensate U = U (η) in the SU (2) theory in the Friedmann Universe incorporating the vacuum polarisation effects. The corresponding YM Lagrangian accounting the one-loop vacuum polarisation reads [31] :
where parameter ξ reflects an ambiguity in normalisation of the invariant J. The corresponding Einstein-Yang-Mills equations now read [13]
where e ≃ 2.71 is the base of the natural logarithm; Λ QCD is the QCD energy scale; T ν µ , mat = (ε + p)u µ u ν − δ ν µ p is the energy-momentum tensor of usual matter and radiation components;Λ is the constant vacuum energy density.
In the considered limit of vanishing YM waves, the components of the total energymomentum tensor read
The trace of the Einstein equations and the equation of motion of the YM condensate are written as follows 6
respectively. It turns out that the (0, 0) Einstein equation
is the exact first integral of the system of equations (7.10) and (7.11) , while the exact first integral of second equation (7.11) is
Applying this relation in Eq. (7.9), one arrives to
Therefore, the quasi-free YM condensate incorporating the vacuum polarisation effects already as one loop exhibits drastically different behaviour w.r.t. to the free condensate limit. Firstly, its contribution to the total energy density of the Universe appears to be constant and independent on the scale factor like it is expected for a vacuum-like medium with the equation of state p YM = −ε YM compared to free condensate equation of state p YM = ε YM /3. Secondly, it provides a positive contribution to the cosmological constant which would potentially allow to compensate large negative contributions to the vacuum energy density potentially coming from quantum-topological excitations contributing toΛ, e.g. from the vacuum averaged bilinear terms in YM waves A 2 [13] . The latter argument is consedered to be critical for observed smallness of the Λ-term density Λ obs which should be provided by the conditionΛ 15) such that the macroscopic expansion of the Universe is driven by the ordinary Friedmann equation
A thorough analysis of cosmological evolution of the complete YM system "condensate + waves" incorporating vacuum polarisation effects is planned for future studies.
Super-Yang-Mills condensate decay in quasi-linear approximation
Let us discuss now the effect of wave-condensate interactions in quasi-linear approximation in the expanding Universe. For this purpose, consider the Lagrangian of N = 4 supersymmetric SU (2) model in arbitrary metric g µν in the quadratic approximation in waves (in what follows, we denote determinant of spacetime metric as g det in order to not confuse it up with the coupling constant)
This Lagrangian is not conformally invariant due to the presence of scalar and pseudo-scalar fields. Note, the conformal invariance can be easily restored by adding terms proportional to the scalar curvature R, i.e.
The corresponding theory is free of radiative corrections and hence vacuum polarisation effects considered above due to conformal symmetry. So this model can be convenient for studies of conformal time evolution of the YM condensate induced purely by its interactions with the wave modes, at least, at the first step. It is instructive to introduce the following conventions
Then performing transition to Friedman metric (7.3) we arrive at the same expression for Lagrangian as for Minkowski metric (with a = 1) due to the conformal invariance of Eq. (7.18). Indeed, where
Our analysis of quasilinear YM theory shows that the YM condensate decay time is inversely proportional to the initial amplitude of YM condensate oscillations U 0 , i.e.
where the numerical coefficient α ≈ 10 for the wave modes Φ, Λ, λ. Inclusion of other modes is problematic due to the limitations of quasi-linear theory (see above) but can be consistently performed by accounting for higher order effects in waves. Staying within the quasi-linear approximation and assuming that all the energy was concentrated in the YM condensate in the initial moment of time then one has This provides us with the typical time scale for the YM condensate decay into particles which can be considered as an additional mechanism for particles production in the early Universe. An extension of cosmological dynamics of the YM system "condensate + waves" to an arbitrary YM theory accounting for higher order effects in wave modes will be done elsewhere.
8 An overview of the two-condensate SU(4) model Let us consider a more complicated YM theory based on a large gauge group containing a few SU (2) subgroups. The simplest group of this type is SU (4). It contains two SU (2) gauge subgroups both isomorphic to the SO(3) spatial symmetry group which means that the YM field, described by local SU (4) gauge theory, contains two condensates. The main focus of this Section is to discuss dynamical features of such a heterogenic vacuum system. The generators of SU (4) gauge group can be written as The generators λ 1 , λ 2 , λ 3 and λ 4 , λ 5 , λ 6 correspond to SU (2) subgroups, and structure constants are given by
In the Hamilton gauge, two different YM condensates U i = U i (t), i = 1, 2 corresponding to each SU (2) subgroup can be introduced in analogy with Eq. (2.8), i.e.
The equations of motion are given by general formula from the classical YM theory (2.4). The equations for free (non-interacting) condensates U 1 and U 2 can be easily extracted from Eq. (2.4)
Note, these equations do not contain mixed terms like U n 1 U m 2 and coincide with Eq. (4.1). This means that the condensates U 1 (t) and U 2 (t) in the SU (4) theory do not interact with each other directly. As we will demonstrate later, they can interact only by means of particle exchanges.
The linear equations of motion for the Fourier transformed wave modes A p a i (we omit index p below) are
One can show by a direct calculation that equations for the wave modes corresponding to each of the SU (2) subgroups (with a = 1, 2, 3 and a = 4, 5, 6, respectively) coincide with analogical equations in the one-condensate model (4.7) (or with Eqs. (4.13) and (4.14) in terms of the tensor basis modes). Now let us investigate the quasi-linear "back reaction" effect of the wave modes to YM condensates. Including next (second) order in waves, the equation for the U 1 condensate reads
The corresponding equation for the second condensate U 2 has an analogical form. By a direct calculation it can be shown from Eq. (8.6), analogical equation for U 2 and Eq. (8.5) that the wave modes corresponding to the first and second SU (2) subgroup interact only with its own condensate U 1 and U 2 , respectively, in the same way as they do in the onecondensate model considered above. Remarkably enough, other 27 modes corresponding a = 7 . . . 15 generators of SU (4) interact with both condensates at the same time. This means that interaction between U 1 and U 2 condensates is realised via particle exchanges only related to these remaining 27 wave modes. This effect is explicitly confirmed by a numerical analysis. In general, time evolution of wave modes of the SU (4) theory and two YM condensates is analogical to the case of one-condensate system illustrated in Fig. 3, i .e. energy of the both condensates is transferred into the ultra-relativistic YM plasma. This study suggests that the observed effect of energy swap is a generic feature of YM dynamics.
Summary
Starting from the basic idea about an important dynamical role of the YM condensate (2.8), we have constructed a consistent quasi-classical approach based on Hamilton formulation and canonical quantisation of the wave modes in the classical YM condensate. This approach has been applied in numerical analysis of the system of YM wave modes (or particles after quantisation) in the ultra-relativistic gluon plasma interacting with the YM condensate (in the limit of small interactions between the wave modes) as well as in analytic investigation of generic YM "condensate + waves" dynamics with all the interaction terms included.
First, the quantum energy spectrum of free (no waves) YM condensate has been found from the stationary Schrödinger equation. It turned out that this spectrum corresponds to a potential well of the fourth power, and a convenient analytical approximation to the discrete numerical solution has been proposed.
Next, we have derived the YM equations of motion for the "condensate + waves" system in linear approximation (4.1), (4.13) and (4.14) in the SU (2) gauge theory and numerically investigated their solutions. As an important effect which removes degeneracy in the underlined gauge theory the interactions of wave modes with the YM condensate lead to dynamical generation of the longitudinal d.o.f.'s in the gluon plasma.
Also, in order to understand how condensate-waves interactions affect the energy balance between these two YM subsystems, we have investigated their dynamics in quasi-linear and next-to-linear approximations accounting for the "back reaction" effect of particles to the condensate (4.25). The higher order terms have also been studied and found to be important for late-time stability of the YM solutions. The results of numerical analysis are presented in Figs. 3 and 4 and demonstrate a characteristic energy swap effect, namely, an effective energy transfer from initially large condensate fluctuations to the YM wave modes. This effect of condensate decay can thus be considered as a possible source for heating up the ultra-relativistic gluon plasma as well as potentially gives rise to particle production mechanisms in the hot cosmological plasma in the early Universe.
At the next step, the equations for pure gluon plasma (without the YM condensate) in the SU (3) gauge theory have been derived in different approximations. The third-order interaction terms in waves dynamically induce a local constituent gluon mass. The corresponding renormalized expression appears to be consistent with thermodynamic predictions. The second-order interactions initiate the dynamical gluon mass terms in a time non-local form. In addition, the exact integro-differential equations for the condensate and waves evolution incorporating all the higher-order interaction terms have been derived for the SU (2) theory.
It has been shown that dynamics of waves and condensate in the extended N = 4 supersymmetric YM theory is analogical to the one of pure YM theory discussed above. In particular, it has been indicated that interaction of the supersymmetric (pseudo)scalar wave modes with the YM condensate leads to a similar energy swap effect between them. A similar energy swap effect has also been found in the heterogenic system of two interacting YM condensates in the SU (4) gauge theory. These findings strongly suggest that the observed dynamics in energy balance of the interacting YM "wave + condensate" system is a general phenomenon and a specific property inherent to a variety of YM theories with condensate.
We also considered conformal time dynamics of free non-interacting YM condensate in the Friedmann Universe. The non-linear oscillations of the condensate behaving as radiation matter in the course of Universe expansion appears to be unstable w.r.t. quantum corrections. In order to address the latter issue the leading vacuum polarisation effects at one-loop have been incorporated. Such a quasi-free condensate contribution to the energy density dramatically changes its behavior to a positive constant in time. This behaviour is consistent with the vacuum equation of state and thus can be used to compensate large negative topological vacua terms [13] . The latter would potentially offer a consistent way to address an observable smallness of the cosmological constant but a self-consistent analysis of the waves with the vacuum polarisation effects will be critical for that. As a toy-model void of radiative corrections, the Super-Yang-Mills theory with condensate interacting with small waves has been considered in the Friedmann Universe and the condensate decay time has been estimated in quasi-linear approximation. The latter approach once applied to a realistic interacting gauge theory could provide an access to typical time scale for particle production, in particular, during the QCD transition epoch and/or in the preheating stage of a gauge-field driven inflation in Cosmology. These important aspects will be discussed elsewhere.
Finally, we have investigated the gauge dependence of the YM condensate and waves. It turned out that it is possible to establish a connection between the results in the Hamilton gauge and those in arbitrary gauge by the method of absorbing the gauge dependence into a coordinate transformation. In this framework the YM condensate in arbitrary gauge can be considered as a functional of the complete YM solution in the Hamilton gauge and the gauge-fixing function. Our thorough analysis of non-degenerate YM dynamics performed in the Hamilton gauge has appeared to be justified as the most straightforward and convenient since these results can be then, in principle, transformed into those in any given gauge.
To summarize, as one of the main results of this paper, the energy redistribution effect from the YM condensate to the YM wave modes in the case of initially small wave amplitudes has been found and investigated from the first principles of canonical quasiclassical YM theory in different settings and approximations. As was mentioned above, this effect can be of major importance for cosmological processes in the early Universe, in particular, in the processes of particle production during the preheating period after cosmic inflation which is planned for further studies. In addition, an extension of the quasi-classical approach to a full quantum field theory formalism (including fermion modes and vacuum polarisation effects) could become one of the next important steps in further theoretical understanding of interacting YM dynamics of "condensate + waves" systems.
A The method of infinitesimal parameter
The major difficulties of the canonical quantization of a free YM field (without the YM condensate) arise due to the presence of its time-retarded zero component in the Lagrangian (2.1). One of the ways to resolve this issue is based upon the method of asymptotic expansion in the configuration space elaborated in Refs. [27, 28] . Here, we advise an alternative method of infinitesimal parameter which is also applicable in the Hamilton gauge (2.3).
Let us construct the YM propagator in the form of chronologically ordered operator product averaged over the state vector. Consider a YM system containing a YM field A a µ and a charged multiplet of fermions interacting with A a µ . The Lagrangian and Hamiltonian densities of such a system are
respectively. Then, the corresponding Lagrange equations of motion read Such equations written for all wave modes coincide with the corresponding equations of motion which were constructed previously (4.13), (4.14) and (6.4) -(6.7). The latter is an important validation test of our calculations.
